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Combinatorial optimization problem*

Economically valuable but computationally hard

Enhancing productivity

Finance

Logistics Management

Manufacture

Combinatorial optimization

Routing

Placement Scheduling

Allocation

Problem size
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Combinatorial
explosion

Nondeterministic polynomial time (NP) -hard

Medicine Material

Standard approach: Simulated annealing (SA)

A B C D

E F

*Find a combination of discrete values, (s1, s2, »),

that minimizes a cost function of the discrete variables, Cost_Func(s1, s2, »)
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Ising machines

Special-purpose hardware devices

for quickly solving combinatorial optimization

D-Wave Sys.*1

Quantum Annealer 

2011-

NTT/Stanford/U-Tokyo *4

Coherent Ising

machine (CIM)

2016-
HITACHI*2

CMOS annealing

machine

2015-
FUJITSU*3

Digital annealer

2016-

*1 https://www.dwavesys.com/d -wave -two -system
*2 https://www.hitachi.co.jp/New/cnews/month/2019/02/0219.html
*3 https://www.fujitsu.com/global/about/resources/news/press -releases/2018/0515 -01.html
*4 https://www.ntt.co.jp/news2017/1711e/171120a.html

*5 D . Pierangeli , et al., Phys. Rev. Lett. 122 , 213902 (2019 ).
*6 A. Mallick , et al., Nature Communications 11 , 4689 (2020). 
*7 F. Cai, et al., Nature Electronics 3 , 409 (2020).
*8 https://www.global.toshiba/ww/technology/corporate/rdc/rd/topics/21/2103 -03.html

U-Roma*5

Spatial -photonic

Ising machine (SPIM)

2019-

U-Virginia*6

2020-

Coupled oscillators

HP/U-Michigan*7

Memristor HNN

2020-

Toshiba*8

2019-

Simulated bifurcation
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For real -time systems

*1: Data source: Integral Development Corporation, [Under the permission from Integral Dev. Corp.]

*2: Data source:https://motchallenge.net /, [Under CC BY-NC-SA 3.0 license for researchpurpose]

Trading

system
Market

buy/sell

Video

Processing 

Financial transaction system *1 Video processing *2 Swarm robotics

Ising machines may allow those systems 

to choose the optimal response from among all the candidates

-Rational decision -making in real -time systems -

Real-time systems:

-respond to rapid -changing situations with specified time constrains

-decision making based on a simple conditional judgement (conventional)
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Simulated bifurcation (SB)

A quantum -inspired algorithm for combinatorial optimization

having Plentiful Parallelism

KPO1 KPO2

KPO4 KPO3

2112 JJ =

3223 JJ =

4334 JJ =

1441 JJ =
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® ¬¬®

3113 JJ =

4224 JJ =

Quantum Bifurcation (QB) machine
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Simulated Bifurcation (SB)

[H. Goto, Sci. Rep 6 , 21686,  16]

Derived as the

classical

counterpart

Plentiful parallelism

Parallel updating

t1 t2 t1 t2 t3 t4

Sequential updating

Simulated Annealing (SA)

­Substantial speedup by massively parallel processing

vs. 

a quantum adiabatic optimization method

H. Goto, K. Tatsumura, A. R. Dixon, Sci. Adv. 5 , eaau0823,  19

The story of the birth of SB, https://www.toshiba -clip.com/en/detail/p=76 
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Real-time systems that make optimal responses

enabled by FPGA-based SB accelerators

This talk: Proposal & demonstration

Simulated bifurcation (SB) & FPGA -based accelerators for SB

Real-time systems that make optimal responses:

An ultra -fast financial transaction machine

Scale-out architecture of Ising machines with full connectivity

using the high parallelism of SB
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1. Any NP problems can be converted to the Ising problem with P -time

2. Ising machine searches for the ground -state of Ising spin model

Ising problem & Ising machine

s1

j14

s2

s3

s4

s5

s6

j15j16

h3

h4

coupling bias

spin: binary variable

Ising problem Ising machine

searchfor ground-state s

minimizing E

E= jijsisj hisi

Ising energyJ=

j12 j130

0 j23j21

j32 0j31

h=

h1

h2

h3

j12

converted to 

Spin configuration, S
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g

solution

input

NP-hard &

NP-complete

Special-purpose

Combinatorial optimization

Routing

Placement Scheduling

Allocation

A B C D

E F

NP-hard

[Andrew Lucas, Frontiers in Physics 2, 5 (2014)] provides 

Ising formulations for many NP-complete/hard problems,

including all of Karp's 21 NP-complete problems
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The story of the birth of SB

Simulated bifurcation was ¬discoveredº from a quantum computer

Toshiba Chip 2020/02/12
https ://www.toshiba -clip.com/en/detail/p=76 

Based on
the quantum adiabatic theorem

[H. Goto, Sci. Rep. 2016]Quantum Bifurcation (QB) machine

Classicization

[H. Goto, Sci. Rep. 2016]Classical Bifurcation (CB) machine

KPO1 KPO2

KPO4 KPO3

2112 JJ =

3223 JJ =

4334 JJ =

1441 JJ =
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3113 JJ =

4224 JJ =

Algorithmic twist

for speed-up

Simulated Bifurcation (SB) algorithm
[Goto , Tatsumura, Dixon, Science Advances 5 , eaav2372 (2019 )]

There was No guarantee. We found that CB works very well 

and has an outstanding characteristics, i.e. parallelism.
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N-body system dynamically searches for a good solution

How it works: Simulated Bifurcation (SB) 

Movement of the system in N-dimensional space

x
2

x
2

x1

x1

Example: N=2

If N is large ,

find a global minimum (or a local minimum close to the grand -state) from among 2N local minima

Bifurcation
(adiabatic process) 

Adiabatic Search

a single local

minimum

multiple local minima

(target cost function)

init.

chase one of the minima

best solution

(-1,-1)

x
2

x
2

x1

x1

Ergodic Search

Multiple minima in

the energetically

allowable region

find better one with higher probability
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SBtime step [count]
255 oscillators out of 4000 spin variables

SBtime step [count]

better

solution

Joint

force

Many -body

interactions

depending on

all the other spins

Time evolution of N-body system 

How it works: Simulated Bifurcation (SB) 

Movements of N(=4000) spin -variables as a function of time
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SB step: spin state at tn+1 « the previous state at tn

Algorithm of SBand itõsparallelism

Many -body interaction

Time evolution (TE)

SB step
iteration

for all

spins

for all

spins

Dpi= jijxᴂi

xiȟpi@tn+1=TExiȟpiȟDpi@tn

x i
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Horizontal
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(Blockparallelism)

FP FPFX

TEpipeline

FX
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Time-

evolved

Sequential

but

independent

for eachspin

J XõDP
j12

j21

x' 1

x' 2

Dp1

Dp2

Matrix-Vector

Multiplication (MM )
j11

j22

DpN jNN x' N

Top-level parallelism:Simultaneous update of N spins is possible



14© 2021 Toshiba Corporation 

Large-scale, massively parallel , and high utilization

FPGA-based accelerator for simulated bifurcation

Problem
complete-graph 

MAX-CUT

Machine size
4,096-size

(on Arria10 FPGA)

Architecture

Pr/Pc/Pb 32/32/8

# of MAC PEs 8,192

Effective activity 92%
Resource

ALM 40%

BRAM 56%

DSP 7%

System Clock [MHz]

Fsys 269

Arria10 GX1150FPGA

[K. Tatsumura, A. R. Dixon, H. Goto, FPL19]


