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QCD phase diagram

• Large part of the phase diagram accessible only by non-perturbative methods, i.e. via simulation


• Quantum nature of system: Simulation methods relying on importance sampling fail (“Sign Problem”)


• Restricted parameter space of phase diagram directly numerically accessible (essentially only T-axis)


• Alternative methods: Tensor networks, quantum simulation (digital, analog)

Fig. © GSI
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Quantum Systems as Simulation Platforms
• Analog quantum computation 

• Encode the properties (Hamiltonian H) of your quantum system of interest in another “fully-controlled” quantum system,


• Once prepared, time evolution happens continuously (hence analog and not step-wise / digital)


• Often “special purpose”, i.e. limited to specific interactions but scalable


• Ex.: Ultracold atoms on optical lattices, trapped ions 


• Digital QC 

• Ex: Superconducting (transmon) qubits on a “chip”, e.g. latest IBM architecture (IBM “Eagle”, Nov.’21) with 127 qubits


• Computations on set of qubits defined as sequential (hence digital) application of gates on this set

• Programmable (in this sense universal) but currently hampered by noise (NoisyIntermediateScaleQuantum era)


• Simulation of quantum system via e.g.


• State preparation and measurement (in the context of variational approaches) 


• Quantum dynamics by stroboscopic time evolution (“Trotterization”)


• Other: Quantum Annealer, D-Wave Advantage with > 5K qb

[1] Parra-Rodriguez, A. et al., Phys. Rev. A 101, 022305 (2020)

[2] Wiese, Uwe-Jens, Phil.Trans.A.Math.Phys.Eng.Sci. 380 (2021)
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Quantum Simulation for HEP 
Digital Quantum Simulation

• Use Hamiltonian Formulation of Lattice QCD 

       


• Fermions  … contrary to Monte-Carlo approaches not 
problematic, efficient formulations for quantum simulations known 
(Jordan-Wigner in , Cirac-Verstraete and others[1] for )


• Gauge bosons  have to be approximated as 
their Hilbert Space is infinite, additional constraint Gauss’ law, 
efficient approaches under development[2,3]


• Count of logical qubits ? Rough estimate[4] 

ĤKS = ĤFB + ĤM + ĤB,mag + ĤB,kin

ĤFB, ĤM

d = 1 d > 1

ĤFB, ĤB,mag, ĤB,kin

𝒪(105)

[1] Irmejs, R. et al., arXiv:2206.08909 [quant-ph]

[2] Davoudi, Z. et al., Phys. Rev. D 104, 074505 (2021)

[3] Gustafson, E. et al., Snowmass 2021 LOI TF10-07

[4] Kan, A. et al., arXiv:2107.12769 [quant-ph]
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FIG. 1. Projection-based prediction of LGT simulations on a quantum computer. Left: We show the history of resource re-
quirement reduction for Femoco simulation, directly imported from [43]. The fit function used is G ⇡ 3 ·1013 exp(�2(t� 2017)),
obtained by discarding the qDRIFT-based estimates, which appear as the points far from the fit line, which has quadratically
worse scaling in the error budget than the rest. Right: Among scores of industry entities that have published technology
road maps, such as IonQ, IBM, Honeywell, and Google [44–47], we use IonQ’s as it states the number of logical qubits, most
relevant to our work. The fit function used is n ⇡ 32 exp(0.9(t� 2024)), where n is the number of logical qubits and t is the
year. For the number of gates, we apply the fit function obtained in the left panel to the current resource requirements for
LGT simulations, determined in this paper.
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Quantum Simulation for HEP 
Thermal States

To access finite temperature range, need to prepare mixed state


, 


But current quantum devices are built to prepare pure states  … approaches ?


• Thermal Pure Quantum States[1] , with random Haar-state  prepared from random circuits


• Involves non-unitary transformation (approx. by e.g. QITE[2] or embedding into larger system)


• Variational approaches “ -VQE” or “VQT”[3]


• Classical machine for sampling and optimisation 


• Quantum device 


• stores/prepares state


• computes  efficiently


• But: Entropy  does not need to be prepared classically

ρ ∼ exp(−βĤ) ∼ ∑
i

e−βEi | i⟩⟨i |

|ψ⟩

|β, N⟩ = e− β
2 Ĥ |ψR⟩ |ψR⟩

β

ℒ → min

⟨H⟩

Sθ
[1] Powers et al., arXiv: 2109.01619 [quant-ph]

[2] Motta et al., Nature Physics 16, 205-210 (2020)

[3] Verdon et al., arXiv: 1910.02071 [quant-ph] 
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To better understand this, we define the pulled-back data

state �̂D,� ⌘ Û †(�)�̂DÛ(�), which is the state obtained
by feeding our quantum data through the unitary quan-
tum neural network circuit in reverse (or rather, inverse).
Thus, this term in the loss is equivalent to the expecta-
tion value of the latent modular Hamiltonian with respect
to the pulled-back data, hK̂✓i�̂D,� . The flow of quantum
and classical information for the task of Modular Hamil-
tonian Learning is depicted in Figure 2. See Section II
for details on estimating the partition function, depend-
ing on the chosen latent space structure.

Finally, an interesting feature to note about about this
choice of cross-entropy loss function is that in the limit
where the model approximates the data state, i.e,. when
the relative entropy in (17) converges to zero, then the
loss function itself converges to the entropy of the data:

Lqmhl(✓,�)
⇢̂✓�!�̂D
�! S(�̂D) (21)

This means that, as a by-product of the learning process,
after convergence of the training of our model, we are au-
tomatically provided with an estimate of the entropy of
our data distribution simply by observing what the loss
value has converged to. This has wide-ranging implica-
tions about the potential use of QHBM and QMHL, com-
bined with quantum simulation, to allow us to estimate
entropies and various information theoretic quantities us-
ing quantum computers. More on this in the discussion
in Section V.

B. Variational Quantum Thermalizer Algorithm:
Quantum Simulation of Thermal States

In this section we formally introduce the Variational
Quantum Thermalizer (VQT) algorithm, the free energy
variational principle behind it, how it relates to the Varia-
tional Quantum Eigensolver (VQE) [16] in a certain limit,
and how one can use QHBMs for this task.

The variational quantum thermalization task can be
described as the following: given a Hamiltonian Ĥ and a
target inverse temperature � = 1/T , we wish to generate
an approximation to thermal state

�̂� = 1
Z�

e��Ĥ , Z� = tr(e��Ĥ). (22)

Here Z� is known as the thermal partition function.
Our strategy will be to phrase this quantum simulation
task as a quantum-probabilistic variational learning task.
Suppose we have a quantum-probabilistic ansatz for this
thermal state, ⇢̂✓� with parameters {✓,�}. We can con-
sider the relative entropy between this unknown thermal
state and our variational model,

D(⇢̂✓�k�̂�) = �S(⇢̂✓�)� tr(⇢̂✓� log �̂�) (23)

= �S(⇢̂✓�) + �tr(⇢̂✓�Ĥ) + logZ� .

This is known as the quantum relative free energy of our
model with respect to the target Hamiltonian Ĥ. The

reason it is called a relative free energy is because it is
the di↵erence of free energy F (⇠̂) ⌘ tr(Ĥ ⇠̂) � 1

�
S(⇠̂), up

to a factor of �, between our ansatz state and the true
thermal state,

D(⇢̂✓�k�̂�) = �F (⇢̂✓�)� �F (�̂�).

Further note that the positivity of relative entropy im-
plies that the minimum of free energy is achieved by the
thermal state;

D(⇢̂✓�k�̂�) = 0 =) F (⇢̂✓�) = F (�̂�) and ⇢̂✓� = �̂� .

Thus, given a variational ansatz for the thermal state, by
minimizing the free energy as our loss function,

Lvqt(✓,�) = �F (⇢̂✓�) = �tr(⇢̂✓�Ĥ)� S(⇢̂✓�),

we find optimal parameters {✓⇤,'⇤
} such that ⇢̂✓⇤�⇤ ⇡

�̂� .

Variational Quantum Thermalizer

Quantum 
processing 

unit

variational 
parameters
(classical)

Classical output
(e.g., signal 
classification 
label)

FIG. 3. Information flow for the process of inference and
training for the QHBM applied to VQT. Grayscale indicates
classical information processing happening on a classical de-
vice while colored registers and operations are stored and exe-
cuted on the quantum device. Here we focus on a general case
for the latent variational distribution. The ✓ parameters de-
termine the latent space distribution. From this distribution,
one can compute the entropy S✓ classically. Using samples
from the latent distribution x ⇠ p✓(x), one applies a quan-
tum operation to prepare the state |xihx| via the unitary V̂x

from the initial state of the quantum device. One then ap-
plies the unitary quantum neural network Û(�) and estimates
the expectation value of the Hamiltonian Ĥ at the output via
several runs of classical sampling of x and measurement. The
entropy and energy expectation are then combined into the
free energy loss for optimization.

Now that we have our loss function, we can briefly ex-
amine how one could use a QHBM ansatz for the above.
The great advantage of the QHBM structure here is that
the entropy of the variational model distribution is that
of the latent distribution, as pointed out in equation
(4). As the entropy of the latent variational distribution
is stored on the classical computer and assumed to be
known a priori, only the evaluation of the energy expec-
tation (the first term in the above) requires the quantum
computer. Thus, the number of runs required to esti-
mate the loss function should be similar to the number

Fig. taken from [3]
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Quantum Simulation for HEP 
Thermal States

• “Sampling” by mid-circuit measurement “qVQT”[1]


 


• Can it be generalised to gauge theories ? 


• Additional constraint of Gauss’ law


,


• Circuits have to preserve gauge invariance


• State after measurement to be invariant state


• Parameter count  has to remain modest


• …

F(θ, ϕ) = ⟨Ĥ⟩ − T⟨ ̂S⟩ → min

G(x) |ψ⟩ = |ψ⟩

θi, ϕi

[1] Selisko, J. et al., arXiv: 2208.07621 [quant-ph]

2

for the entropy ⇢̂ ln(⇢̂) is not linear in ⇢̂, rendering the
corresponding measurement more demanding. On the
other hand, using imaginary time evolution to obtain
the Gibbs state requires complex quantum circuits which
are challenging to implement on NISQ devices [17, 18].
Verdon et al. [19] recently introduced a combination of
a machine-learning algorithm with a variational quan-
tum circuit, called hybrid variational quantum thermal-
izer (hVQT), which generalizes the VQE towards finite
temperatures and involves a neural network that learns
the entropic probability distribution, while a quantum
circuit prepares the eigenstates of the Hamiltonian (see
also Ref. 20). However, this approach leads to an inti-
mate interaction of classical and quantum computation,
which typically results in longer runtimes, and has thus
motivated the development of alternate algorithms [21].

To alleviate above issues of the hVQT and enable the
algorithm to maximally benefit from a possible advan-
tage of quantum machine-learning [22, 23] we develop
an algorithm which transfers the generation of the en-
tropic probability distribution directly onto the quan-
tum computer, thereby allowing to fully assess the Gibbs
state in the quantum device. This approach, which we
call quantum-VQT (qVQT), o↵ers significant advantages
over the hVQT: it minimizes the communication between
classical and quantum computer and is able to achieve
accurate results using significantly fewer measurements
by evaluating them according to the probability distri-
bution. In the remainder of this manuscript we present
in detail the qVQT algorithm and demonstrate its perfor-
mance by applying it to solve a 1-dimensional Heisenberg
chain, and by computing the complete, temperature de-
pendent phase diagram of a 2-dimensional J1-J2 Heisen-
berg model.

II. METHOD

A. Principles of the qVQT

The flowchart and the relevant components of the
qVQT algorithm are shown in Fig. 1. The fundamen-
tal idea of the qVQT is to use two separate variational
quantum circuits (VQC) and an intermediate measure-
ment to obtain a mixed state on a quantum computer
(red block “QPU” in Fig. 1). A classical optimization
determines the parameters for which this mixed state
represents the Gibbs state (blue block “CPU” in Fig. 1).
Di↵erent flavors of VQC have been proposed in the liter-
ature, e.g., hardware e�cient VQC, particle number con-
serving VQC, variational Hamilton Ansatz (VHA), etc.,
which can also be used in qVQT [8, 24, 25]. We denote

the parameters of the first VQC (VQC1) with ~�, while
the parameters of the second VQC (VQC2) are referred

to as ~✓.
The first variational circuit VQC1

�
~�
�
and the inter-

mediate measurement generate a classical distribution
(see “QPU” in Fig. 1). Specifically, the superposition

FIG. 1. A schematic illustration of the qVQT algorithm,
showing in blue the part which is executed on the classical
computer (CPU) and includes the calculation of energy E and
entropy S to form the free energy F as well as a classical op-
timization routine. The red part shows the quantum circuit
which is evaluated using the quantum computer (QPU). It
consists of two variational circuits with an intermediate mea-
surement for obtaining the entropy and a final measurement
to obtain the energy.

of the basis states |bii produced by VQC1

�
~�
�
collapses

to a probability distribution. ⇢̂VQC1
in equation (3) rep-

resents the density matrix after the first variational cir-
cuit VQC1

�
~�
�
, while ⇢̂mm in equation (4) is the density

matrix after the intermediate measurement:

⇢̂VQC1
=

 
X

i

ai
�
~�
�
|bii
! 

X

i

a⇤i
�
~�
�
hbi|
!

(3)

⇢̂mm =
X

i

���ai
�
~�
����

2
|bii hbi| . (4)

The second variational circuit VQC2

�
~✓
�
maps the basis

states |bii to a superposition of these basis states while
preserving the orthogonality, and prepares the state

⇢̂VQC2
=
X

i

���ai
�
~�
����

2
| i

�
~✓
�
i h i

�
~✓
�
| (5)

which has the same form as equation (1).
We obtain the free energy F by minimizing its value

over the parameter set (~�,~✓), a task which is per-
formed classically using an arbitrary (local) optimizer
(see “CPU” in Fig. 1). The energy E is obtained by
measuring the expectation value of the Hamilton oper-
ator after the second variational circuit VQC2, and the

Fig. taken from [1]
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Quantum Simulation for HEP 
Quantum Annealing

• Ground-state calculation for (truncated) SU(N), 
N=2,3 gauge theory[2,3] via variational principle


,


• Annealer as quantum lab for e.g. tunnelling 
processes of quantum field theories[4]

E0 ≤
⟨ψ | Ĥ |ψ⟩

⟨ψ |ψ⟩

QA[1] using Quantum Adiabatic Principle 


 


At end of annealing schedule ground-state of target 
Hamiltonian  retrieved .

HQA = A(s) HI + B(s) HKS

HKS

QUANTUM-FIELD-THEORETIC SIMULATION PLATFORM. . . PRX QUANTUM 2, 010349 (2021)

Field value !

D
en

si
ty

FIG. 6. The probability density of the simple harmonic oscil-
lator with N = 200 and with sq = 0.7 after time t = 75 µs and
with ! = 0.06. The ground states are measured with an inter-
val "# = 13. The probability density approximates the red line,
which corresponds to $ ! !2/2m%2

0 = 0.33.

beginning by studying the system with no tunneling. That
is, we keep C(t) = C0 and set v to be very large in order
to learn about the e!ective Planck constant, more pre-
cisely the combination $ = !2/2m%2

0. As mentioned, this
amounts to our calibration of the QASP, and to perform it
in a systematic way, we use the simple harmonic oscillator.
That is, we take

U0(#) = !

2
#2. (24)

We show the result of 30 000 reads of the annealer with
! = 0.06 in Fig. 6, presented as binned probability den-
sity functions normalized to 1. (In other words as N " #,
this curve would be |& |2.) The value of ! is chosen small
enough to avoid autoscaling. For this run we hold the
annealer at sq = 0.7 for 75 µs (plus 5 µs of ramp-up and
1 µs of ramp-down).

By inspecting this and similar curves, one gains some
intuition about the behavior of this system. First, apart
from some seemingly characteristic perturbation around
the peak, it clearly appears to have reached the Gaussian
ground state, which is of the form

|& |2 = (!/2$ )1/4

'1/2 e$
%
!/2$#2

, (25)

so we can reasonably conclude that for this choice of
parameters 75 µs is long enough for the required dis-
sipation. Note that %0 cancels in the !/$ ratio. Second,
this curve leads to an approximate estimation of $ = 0.33.
Choosing di!erent physical couplings appears to yield sim-
ilar values of $ , so not only do the wave functions have
the correct shape but they also have the correct functional
dependence on ! . By contrast, the result for the inferred
value of $ does depend on the interval we choose for #.

Field value !

FIG. 7. The probability distribution with v = 2.5 and sq = 0.7
after ttunnel = 50, 100, and 150 µs, where N is the number of
events.

This is because di!erent intervals with the same choice of
N = 200 imply di!erent ( values, and not surprisingly this
a!ects the mass density m in the field theory.

We stress that absolutely no dynamics is introduced by
hand into the annealer, and therefore this constitutes a gen-
uine measurement of the ground-state wave function of a
quantum mechanical system.

It is also instructive to consider the fact that the annealer
returns a wave function with di!erent $ values depend-
ing on the value of sq. When we choose sq, we imbue the
e!ective field theory with a kinetic #̇2 term that has a cer-
tain value of !2/2m we do not know. The ground state has
to adjust to have the matching value of $ . Clearly, as we
let sq " 1, the value of !2/2m in our e!ective theory must
go to zero because quantum e!ects turn o! there. Accord-
ingly the ground-state wave function becomes increasingly
narrow until in the classical limit it approaches a ) func-
tion, which in a reverse annealing is where it begins. In
other words the “classical” ) function position eigenstate

Field value !

FIG. 8. The transition probabilities for di!erent values of v
with sq = 0.7 after ttunnel = 100 µs.
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performance they should not be very much larger). The
coupling h(chain) forces the system to have spin ! Z

1 = !1 at
one end and spin ! Z

N = +1 at the other, while J (chain) forces
it to have as few spin flips as possible. The result is a sin-
gle “frustrated” position (the so-called domain wall) where
the spin flips from negative to positive. This position, r say,
encodes the value of the scalar field as

" = "0 + #r = "0 + #

2

N!

i=1

(1 ! !i), (18)

where "0 is a fiducial minimum value, while the second
term gives r contributions of # from the negative ! Z

i up
to the domain-wall position. It is then straightforward to
see that one can encode a potential term U1(") in the hi
couplings by adding

h(QFT)
j = !#

2
U"

1("0 + # j ). (19)

For our purposes, such a term cannot represent the whole
of U in Eq. (1) however, because we need to divide the
potential into two pieces to have the ability to turn on the
metastable component. This functionality is provided by
the h-gain parameter C(t), so the entire potential is encoded
as

U = U0 + U1, (20)

where

U0 = 3
4

tanh2 ", U1 = !k(t) sech2 (" ! v) , (21)

where U0 remains to be encoded in J . This allows us first
to allow the system to settle in the minimum around " = 0
and then to adjust C during the annealing to turn on the
potential U1 and induce tunneling. The encoding of U0 into
J can be done by adding the couplings

J (QFT)
ij = 1

4
U0("0 + # j )

"
2$ij ! $i(j !1) ! $(i!1)j

#
, (22)

where $ij is the Kronecker $. These J terms contribute zero
to the Hamiltonian except at the location of the domain
wall, where (2! Z

k !
Z
k ! ! Z

k !
Z
k+1 ! ! Z

k+1!
Z
k ) = 4, yielding a

contribution U0(") at that point.
h(chain) is also scaled down when C(t) is small, so with

this simple encoding we cannot set C = 0. However, we do
not need to initially turn o! U1 entirely, but we just need to
reduce it so that tunneling is not possible. A more precise
encoding that allows one to turn o! U1 entirely is to share
U1 between J and h such that the initial value of C makes

Field value !

U
 (!

)

FIG. 3. The potential as seen by the Ising model on the
annealer, where we choose N = 200 qubits and k = 1 and v = 5;
cf. the actual potential in Fig. 1. Note the large negative overall
energy o!set due to the field theory encoding, and the “dropped
qubit” at " = "0.

them cancel exactly. That is,

J (U)
ij = 1

4

$
U0(x0 + # j ) ! C0

1 ! C0
U1(x0 + # j )

%

"
2$ij ! $i(j !1) ! $(i!1)j

#
,

h(U)
j = !#

2
1

1 ! C0
U"

1(x0 + # j ),

(23)

where the choice of parameters C(0) = C0 and C(tf ) = 1
gives the desired behavior. We use this later, but for the
moment we stay with the simpler assignment of potentials.

This completes the encoding of the field theory poten-
tial. To verify that it is working as desired, we show the
resulting potential in Fig. 3. For this and the remainder
of the work we take N = 200 as a reasonable compro-
mise between accuracy and e"ciency on the annealer. As
expected there are two unavoidable features of the Ising
potential compared with the original one, both caused by
the Ising chain encoding of the field theory: first, the neg-
ative rewards in J (chain) cause an o!set of order !N%;
second, the rewards in h(chain) in Eq. (17) imply “dropped
qubits” at the first and last positions (the one at the last
position is o! the scale). Neither of these should a!ect the
tunneling rate.

We now turn to the configuration of the annealing itself.
As mentioned, the coe"cients A and B describe how
“quantum” the system is, and are best visualized with the
plot in Fig. 4. When s = 0, the system is maximally quan-
tum, and when s = 1, the system has arrived at the pure
classically Ising-encoded problem. A “forward annealing”
schedule would take s(ti) = 0 and s(tf ) = 1, beginning
with a rapidly tunneling system and ending up with a sys-
tem that solves the optimization problem of interest. A
“reverse annealing” schedule gains initial classical control
with s = 1. Then we turn on the quantum mechanics so

010349-5
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FIG. 6. Three runs of the AQAE algorithm at each adaptive
step using K = 4 logical qubits per entry in the state vector.
This example is the ground state of a six-plaquette lattice
with jmax = 1

2 at x = 0.2. The use of several adaptive steps
is visibly crucial on D-Wave hardware but less important for
the noise-free case of classical simulated annealing.

parity and momentum corresponding to each Ei. Physi-
cally interesting glueball energies would be obtained from
computations on larger lattices closer to the continuum
limit, which is approached as the inverse gauge coupling
x is increased.

The calculations in Sec. IV produced eigenvectors as
well as eigenvalues, and the eigenvector corresponding to
E0 represents the theory’s vacuum state. This provides
access to the calculation of the vacuum-to-vacuummatrix
elements that are so important in quantum field theory.
In this section, vacuum expectation values are computed
and used to probe the systematic e↵ects due to lattice
volume and the jmax truncation.

Because we cannot use an infinite number of qubits,
there is always some limit to the precision of any calcula-
tion. For the variational method, these uncertainties are
O(✏) for the eigenstates but O(✏2) for the eigenvalues,
where ✏ represents a perturbation. Therefore we can an-
ticipate less precise results for vacuum expectation values
than for the associated eigenvalue.

Recall from Eq. (2) that the general SU(2) Hamiltonian
is the sum of a chromoelectric term and a plaquette term,
where the continuum limit of the plaquette term contains
a chromomagnetic contribution and an additive constant.
In units of g2/2, the vacuum expectation value of Eq. (2)
can be written as

h0|HSU(2) |0i = h0|HE |0i+ h0|H⇤ |0i . (16)

To the left of the equal sign is the smallest eigenvalue.
The first(second) term on the right side can be calculated
by matrix multiplication using the diagonal(o↵-diagonal)
terms in the Hamiltonian together with the ground-state
eigenvector that was computed in Sec. IV.
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      jmax = 1/2
      jmax = 1

〈0| HE|0〉

〈0| HSU(2)|0〉

〈0| H  |0〉

FIG. 7. The chromoelectric part, plaquette part, and total
vacuum expectation value for the SU(2) Hamiltonian on a
two-plaquette lattice as functions of the gauge coupling x of
Eq. (3). Data points are computed on the D-Wave Advan-
tage quantum annealer. Solid, dashed and dotted curves are
classical calculations for jmax = 1

2 , 1 and 3
2 respectively.

Figure 7 shows the three terms of Eq. (16) on a two-
plaquette lattice for the available jmax values, with data
points obtained from the quantum annealer and curves
obtained classically. Data points show small but visible
deviations from the classical curves for the chromoelectric
and plaquette terms separately but, as anticipated, their
sum is equal to the minimum eigenvalue and is closer
to its classical curve. Data points for jmax = 3

2 do not
appear on the graph because, as discussed in Sec. IV,
those D-Wave results are not significantly resolved from
the jmax = 1 data points.
The full e↵ects of gauge fields are attained as jmax !

1, and the comparison of di↵erent jmax choices in Fig. 7
suggests a rapid convergence for the range of gauge cou-
plings studied here, 0 < x < 1. The precise rate of con-
vergence always depends on the particular observable be-
ing considered, and we see that calculations for jmax = 1
and 3

2 are closer together for the full Hamiltonian than
for the chromoelectric or plaquette terms separately.
To determine how results depend on lattice volume, it

is convenient to divide Eq. (16) by the number of plaque-
ttes, thereby obtaining an energy density. Classical cal-
culations show no visible distinction between Nplaq = 4
and 6 at the resolution of Fig. 8 so they appear as a single
dot-dashed curve. The two-plaquette result is a nearby
solid curve. Taken together, the three volumes show that
these energy densities (chromoelectric, plaquette, and to-
tal) are indeed local quantities with no significant depen-
dence on lattice volume beyond a few plaquettes, at least
for the range of x considered here. As expected, compu-
tations on the D-Wave quantum annealer in Fig. 8 show
smaller errors for the total energy than for the separate
chromoelectric and plaquette terms.
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Recapitulation: Basic Ingredients for Digitization of Gauge Theory (for general Lie group )


Kogut-Susskind[1] Hamiltonian  on Hilbert Space ,


 , 


with quadratic Casimir components  and link operators  building the plaquette  where 


Gauge Invariance 

 and  have  and 


Now define[2] gauge transformation via  and Gauss’s law .

G

HKS ℋ = ⨂
ℓ

ℋℓ

HKS = λE ∑
x,μ,α

(Eα(x, μ))2 − λB ∑
p

Tr(Up + U†
p) Ûj

mn = ∫ dg Dj
mn(g) |g⟩⟨g |

(Eα)2 Ûj
mn p g ∈ G .

θR
g |h⟩ = |hg−1⟩ θL

g |h⟩ = |g−1h⟩ θL
g Ûj

mn θL,†
g = Dj

mk(g)Uj
kn θR

g Ûj
mn θR,†

g = Uj
mkDj

kn(g)

Θ̂g(x) = ∏
i,o

̂θL,o
g (x) ̂θR,†,i

g (x) Θ̂g(x) |ψ⟩ = |ψ⟩

[1] Kogut, John and Susskind, Leonard, Phys. Rev. D 11 (1975)

[2] see e.g. Bender, J. et al., New J. Phys. 20, 093001 (2018)

Gauge Theory Digitization

Quantum Annealing
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[3] Alam, M. et al., Phys.Rev.D.105 (2022)
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One can approximate[1] the infinite dimensional  …


•  … in the group element basis, i.e. given the continuous gauge group  with states “labeled” by , 
one could choose a suitable finite subset[2] / discrete subgroup [3], i.e. make  finite dimensional.


• … in the representation basis, i.e. change of basis  with representation states 

 (if  is a compact Lie group), where  labels the irreducible representation and  label 

multiplicity within that irrep. One then truncates at a suitable .


Other approaches[4,5], involving a change in dof…


• Quantum Link Models 

• Loop-String-Hadron Formulation

ℋℓ

G { |g⟩}g∈G
G′ ℋℓ

⟨g | jmn⟩ =
dim( j)
|G |

Dj
mn(g)

{ | jmn⟩} G j = 0,
1
2

,1... m, n

jmax

Gauge Theory Digitization

Quantum Annealing
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Gauge Invariance, Hilbert Space, Hamiltonian

Quantum Annealing

10

• Combine[1] ideas of using a discrete group  and the representation basis, motivation: 

• Training in new approaches 


• Perhaps learn something useful, since we can e.g. compare the approximation  with the full 
“story” of 


• Steps ?


1. Define a system and “build” the Hilbert Space while preserving Gauge Invariance 


2. Compute the Hamiltonian


3. Calculate the spectrum (ground-state)


4. …

G

jmax
G

[1] MF, Philipsen, O. and Winterowd, Ch., arXiv: 2206.14679 [hep-lat]



M.Fromm, NHR-Computational Physics Symposium, Nov. 2022

…

(0,0) (1,0)

(0,1) (1,1)

!U(0,0),1 !U(1,0),1

!U(0,1),1 !U(1,1),1

!U(0,0),2 !U(1,0),2

Define a system …

Quantum Annealing

11

• Let’s start with the choice of , i.e. the Dihedral group


• Finite, , isometries of the regular -polygon


• Non-Abelian, serves e.g. as truncation to  for  and  odd.


• Already studied in the context of gate-based computing with excellent description[1]


• Geometry: Let’s start with a ladder of plaquettes …





  and  


G = Dn, n = 3,4…

|G | = 2n N

O(2) n → ∞ n

HKS = HE + HB

HB = λB ∑
p

Tr(Up + U†
p) HE = λE ∑

x

d

∑
i=1

∑
jmn

fj | jmn⟩x,i |⟨jmn |x,i .

[1] Lamm, H. et al., Phys. Rev. D 100, 034518 (2019)
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…“build” gauge-invariant Hilbert Space …

Quantum Annealing

12

…

(0,0) (1,0)

(0,1) (1,1)

!U(0,0),1 !U(1,0),1

!U(0,1),1 !U(1,1),1

!U(0,0),2 !U(1,0),2

Start from the lattice with all links in the trivial rep 


• Act[1] with plaquette  using





• Doing so in a systematic way creates an exact enumeration of  whose size grows exponentially with 
.


• Filter those configs of  who additionally satisfy Gauss’s law, i.e. locally 

|000⟩

U(2)
p

Û(2)
m′ n′ 

| jmn⟩ = ∑
J

∑
M

∑
N

dim( j)
dim(J)

× ⟨2m′ jm |JM⟩⟨JM |2n′ jn⟩ |JMN⟩

ℋ
L

j′ s

|00⟩x = ∑
mI

∑
mA

∑
mE

( − ) f( jA,jE,jI;mI) | jAmA⟩ ⊗ | jEmE⟩ ⊗ | jImI⟩( jA jE jI
mA mE mI)

[1] Byrnes, Tim and Yamamoto, Yoshihisa, Phys. Rev. A73 (2006) 022328
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Compute the Hamiltonian

Quantum Annealing

13

Once config space  is labelled, compute    where .{j} Hik = ⟨ψi |HKS |ψk⟩ |ψ⟩{j} = ⨂
s

|00⟩s({j})
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Spectrum ?

Quantum Annealing

14

• Ground-state calculation in variational formulation


where  with 


• Can be cast into QUBO problem using binary variables  suitable for Quantum Annealer[1,2]


 


 

E0 ≤
⟨ψ | Ĥ |ψ⟩

⟨ψ |ψ⟩
, |ψ⟩ = ∑

i

ai |ψ⟩i ai ∈ ℝ

qi ∈ {0,1}

a(z+1)
α = a(z)

α −
qα,K

2z
+

K−1

∑
i=1

qα,i

2K−i+z
,

F = ⟨ψ | Ĥ |ψ⟩ − η⟨ψ |ψ⟩ =
Nconf

∑
α,β

K

∑
i,j

Qαβ,ijqα,iqβ,j

[1] Rahman, S. et al., Phys. Rev. D 104, 034501 (2021)

[2] Illa, Marc and Savage, Martin J., arXiv: 2202.12340 [quant-ph]
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Ground-State Calculation

Quantum Annealing

15

Computations done on D-Wave QA in forward annealing mode[1]


 


At end of annealing schedule extract ground-state coefficients  and hence  

HQA = A(s) HI + B(s) H

ai |ψ⟩ = ∑
i

ai |ψ⟩i
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Can extract 





Process does not always 
converge, results have hence 
uncertainty (grey band), visibly 
larger for the larger group .

⟨O⟩, O = HB, HE . . .

D4

[1] Catherine C. McGeoch, Synthesis Lectures on Quantum Computing 2014 5:2, 1-93 
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Thank you !


